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Abstract. Wc prove Gagliardo-Nircnbcrg inequalities on some classes of manifolds, 
Lie groups and graphs. 
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Cohen-Meyer-Oru [5], Cohen-Devore-Petrushev-Xu proved the following Gagliardo- 
Nirenberg type inequality 



(i-i) Wfh* < c\\ |v/| \\~" , 

for all / G Wi(W n ) (1* = -zt)- The proof of (11. ip is involved and based on wavelet 
decompositions, weak type (1,1) estimates and interpolation results. 

Using a simple method relying on weak type estimates and pseudo-Poincare in- 
equalities, Ledoux [TB] obtained the following extension of (11.11) . He proved that for 
1 < p < I < oo and for every / G Wp(R n ) 

(1-2) II/II^CIIIV/IIOI/H 1 -^ 

D — 1 

-° OG . DC 

where 9 — j and C > only depends on /, p and n. 
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In the same paper, he extended (11.21) to the case of Riemannian manifolds. If p = 2 
he observed that (11.21) holds without any assumption on M. If p ^ 2 he assumed that 
the Ricci curvature is non-negative and obtained ( 11.21) with C > only depending on 
I, p when 1 < p < 2 and on I, p and n when 2 < p < oo. 

He also proved that a similar inequality holds on R n , Riemannian manifolds with 



non-negative Ricci curvature, Lie groups and Cayley graphs, replacing the B£o,oc norm 



by the M^T 1 norm (see definitions below). 

Note that these two versions of Gagliardo-Nirenberg inequalities extend the classical 
Sobolev inequality in the Euclidean case: 



In the Riemannian case it is not generally true that (11.21) or (II. ip imply (11.31) . without 
additional assumptions on the manifold (cf. Proposition 13. 4l below). On the other hand 
we will now show examples of Riemannian manifolds where (II. 3p holds independently 
of (11.21) . It is clear that (jl.3p holds on a compact Riemannian n- manifold M. As 
an example of complete non-compact Riemannian manifold satisfying (II. 3p . we can 
consider a complete Riemannian n-manifold M with non-negative Ricci curvature. If 
there exists v > such that for all x G M, fi(B(x, 1)) > v, then M satisfies (II. 3p . Here 
fi(B(x, 1)) is the Riemannian volume of the open ball B(x, 1). For more general cases 
where we have (11.31) for some p's depending on the hypotheses, see [19]. Note that if 
(II. 3p holds for some 1 < p < n, then it holds for all p < q < n (see [19], Chapter 3). 



We have also non-linear versions of Gagliardo-Nirenberg inequalities proved by Riviere- 
Strzelecki [TJ], [21] • They got for every / e C^{W l ) 



They applied this inequality and obtained a regularity property for solutions of non- 
linear elliptic equations of type 



where G grows as |Vw| p . 

Recently, Martin-Milman [T7] developed a new symmetrization approach to obtain 
the Gagliardo-Nirenberg inequalities (11.21) and, therefore the Sobolev inequalities (11.31) 
in R n . They also proved a variant of (11.41) . The method of [T7] to prove (11.21) is different 
from that of Ledoux. It relies essentially on an interpolation result for Sobolev spaces 
and pseudo-Poincare inequalities in the Euclidean case. 

In this paper, we prove analogous results on Riemannian manifolds, Lie groups and 
graphs making some additional hypotheses on these spaces. For this purpose, we will 
adapt Martin and Milman's method and make use of our interpolation results in [3]. 
More precisely we obtain in the case of Riemannian manifolds: 

Theorem 1.1. Let M be a complete non-compact Riemannian manifold satisfying (D) 
and (P q ) for some 1 < q < oo. Moreover, assume that M satisfies the pseudo-Poincare 
inequalities (P') and (P^)- Consider a < 0. Then, there exists C > such that for 




(1.4) 




div(\Vu\ p - 2 



Vtt) = G(x,u,Vu) 



2 



every f 6 (W^ 1 + W c 



)DB; 



with /*(oo) = and |V/|*(oo) = 0, we /iave 



(1.5) 



i/r4( S )<qv/r**™r( S )ii/ii 



l+|a| 



Above and from now on, l/l 9 ** 9 means (|/| 9 **) 9 - Recall that for every t > 



f*(t) 



inf{A;//({|/|>A})<t}; 



r(oo) 



inf{A;M{|/l>A})<oo} 



and 



r(t) = \J q n*)da 



Using this symmetrization result we prove 

Theorem 1.2. Let M be a complete Riemannian manifold satisfying the hypotheses 
of Theorem \l.l[ Then U.S\) holds for all q < p < I < oo . 

Corollary 1.3. Let M be a Riemannian manifold with non-negative Ricci curvature. 
Then U.2\) holds for all 1 < p < I < oo. 

This corollary is exactly what Ledoux proved [16]. We obtain further generalizations: 

Corollary 1.4. Consider a complete Riemannian manifold M satisfying (D), (Pi) and 
assume that there exists C > such that for every x, y e M and t > 



Then inequality U.ty) holds for all 1 < p < I < oo. 

Note that a Lie group of polynomial growth satisfies the hypotheses of Corollary 11.41 
(see [S]). Hence it verifies (11.21) for all 1 < p < I < oo. 

Another example of a space satisfying the hypotheses of Corollary 11.41 is given by tak- 
ing a Galois covering manifold of a compact manifold whose deck transformation group 
has polynomial growth (see [10]). We can also take the example of a Cayley graph of 
a finitely generated group (see [7], [19]). 

We also get the following Corollary: 

Corollary 1.5. Let M be a complete Riemannian manifold satisfying (D) and (i^)- 
Then U.fy) holds for all 2 < p < I < oo. 

Note that (P£) is always satisfied. Hence, by Ledoux's method, inequality (11.21) with 
p = 2 needs no assumption on M (see [16]). So our results are only interesting when 



(G) 



VxPt(x,y)\ < 



C 



y/in(B(y,y/i))' 



p^2. 
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Local version: Let M be a complete Riemannian manifold satisfying a local doubling 
property (-D/ oc ) and a local Poincare inequality (P q i oc ) ~we restrict our definitions to 
small balls-. Moreover assume that M admits a local version of pseudo-Poincare 
inequalities (P qloc ), (P^ loc ): by (P; ioc ) we mean 

||/-e iA /|| r <C^(||/|| r +|||V/||| r ). 
In this context, the following local version of (11.21) holds: for every q < p < I < oo and 

(i-6) ll/lk<^(ll/llp + lllv/iy e n/irX- 



In the following theorem, we show a variant of Theorem 11.11 replacing the Besov 
norm by the Morrey norm. In the Euclidean case, the Morrey space is strictly smaller 
than the Besov space. Therefore, the following Theorem 11.61 (resp. Corollary 11.71) is 
weaker than Theorem 1 1 . 1 1 (resp . Theorem 11.21) . In contrast, on Riemannian manifolds, 
the Besov and Morrey spaces are not comparable in general. 

Theorem 1.6. Let M be a complete non-compact Riemannian manifold satisfying (D) 
and (P q ) for some 1 < q < oo. Consider q < p < oo and a < 0. Then, for every 
f £ (Wj + W^) n M* we have 

\frks)<c\vfr™(s)\\f\\^. 

Corollary 1.7. Under the hypotheses of Theorem \l.b\ letqo = inf {q £ [1, oof: (P ? ) holds } 
and consider q < p < I < odj. Then, for every f £ Wp, we have 

(1-7) 11/11^ < C|| |V/| . 

Ledoux [16] showed that (11. 7ft holds on any unimodular Lie group equipped with a 
left invariant Riemannian metric and the associated Haar measure. Once again, this is 
due to the fact that his method uses essentially the pseudo-Poincare inequalities (Pp), 
which hold on such a group for all 1 < p < oo (see [IH]). With our method, we only 
get the local version of (11. 7p . namely the analog of (11.61) . However notice that we prove 
( ll.7p in its full strength for Lie groups of polynomial growth. 

Let us compare our result with Ledoux's one. Our hypotheses are stronger, we as- 
sume in addition of the pseudo-Poincare inequality -which is the only assumption of 
Ledoux- (D) and (P q ) but recover most of his examples. Moreover we obtain Corollary 
II. 41 which gives us more examples as we have seen in the introduction. For instance, on 
Lie groups, Ledoux only mentioned in his paper the Morrey version while Corollary 11.41 
yield (11. 2p on Lie groups with polynomial growth for every 1 < p < I < oo. We get also 
the interpolation of his inequality (11.21) . Since it is not known if the pseudo-Poincare 
inequalities interpolate, his method gives (11.21) (resp. (II. 7p ) for the same exponent p of 
pseudo-Poincare inequality. With our method, we get (II. 2p (resp. (I1.7P ) for every p > q. 



if qo = 1, we allow 1 < p < I < oo 
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We finish with the following non-linear Gagliardo-Nirenberg theorem: 

Theorem 1.8. Let M be a complete non-compact Riemannian manifold satisfying (D) 
and (P g ) for some 1 < q < oo. Moreover, assume that M satisfies (P') and (P^)- Let 
p > max(2, q). Then for every f £ C£°(M) 

I \vfr i d^<c\\f\\ B - Joo j iw^v/rv 

The paper is organized as follows. In section 2, we give the definitions on a Rie- 
mannian manifold of Besov and Morrey spaces, Sobolev spaces, doubling property, 
Poincare and pseudo-Poincare inequalities. In section 3, we show how to obtain under 
our hypotheses Ledoux's inequality (jl.2p and different Sobolev inequalities. Section 
4 is devoted to prove Theorem 11.11 and Theorem 11.61 In section 5 we give another 
symmetrization inequality. Finally we prove Theorem 11.81 in section 6. 

Acknowledgements. I would like to thank my Ph.D advisor P. Auscher for his com- 
ments and advice about the topic of this paper. I am also indebted to J. Martin and 
M. Milman for the useful discussions I had with them, especially concerning Theorem 

2. Preliminaries 

Throughout this paper C will be a constant that may change from an inequality to 
another and we will use u ~ v to say that there exist two constants Ci,C 2 > such 
that C\U < v < C 2 u. 

Let M be a complete non-compact Riemannian manifold. We write // for the Rie- 
mannian measure on M, V for the Riemannian gradient, | • | for the length on the 
tangent space (forgetting the subscript x for simplicity) and || • || p for the norm on 
L p (M,/i), 1 < p < +oo. Let P t = e tA , t > 0, be the heat semigroup on M and p t the 
heat kernel. 

2.1. Besov and Morrey spaces. For a < 0, we introduce the Besov norm 

11/11% ^ = supr^HPt/lloo < OO 

t>0 

for measurable functions / such that this makes sense and say / £ ^ (we shall not 
try here to give the most general definition of the Besov space). 

Lemma 2.1. We have for every f £ ^ 

(2-1) ll/llflg5, ao ~SUpr*||P*(/-Pt/)|| ao . 

Proof. It is clear that sup t>0 rf \\P t (f - P t /)|U < (1 + 2f )\\f\\ B ° >ao - On the other 
hand 

r$p t f = rt(PJ - P 2t f) + 2f (2t)"f P 2t f. 
By taking the supremun over all t > 0, we get 

\\f\\ BSo _ < suprf \\P t (f - p/)|U + 2f n/ll^^. 

t>0 

Thus, \\f\\ BSooo < -ly 8up t>0 rf \\P t (f - Ptf)\U □ 
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For a < 0, the Morrey space is the space of locally integrable functions / for 
which the Morrey norm 

H/lUg, : = SU P r~ a \f BM \ < oo 

r>0,x£M 

where f B -=f B fdfi = j B fdfi. 

2.2. Sobolev spaces on Riemannian manifolds. 

Definition 2.2 ([2]). Let M be a C°° Riemannian manifold of dimension n. Write E p 
for the vector space of C°° functions tp such that if and |V<^| G L p , 1 < p < oo. We 
define the non-homogeneous Sobolev space W p as the completion of E p for the norm 

IMIwi = IMIp + II l v< ^l Hp- 
We denote for the set of all bounded Lipschitz functions on M. 

Proposition 2.3. (]2] ) Let M be a complete Riemannian manifold. Then is dense 
in Wp for 1 < p < oo. 

Definition 2.4. Let M be a C°° Riemannian manifold of dimension n. For 1 < p < oo, 

we define E^ to be the vector space of distributions ip with |Vy3| G L p , where Vy? is the 
distributional gradient of \p. It is well known that the elements of E p are in L p j oc . We 
equip Ep with the semi norm 

IML = II \v<p\ \\ P - 

Definition 2.5. We define the homogeneous Sobolev space W p as the quotient space 
J5J/R. 

Remark 2.6. For all <p € El, \W\\ W1 = \\ \V<p\ \\ p . 

2.3. Doubling property and Poincare inequalities. 

Definition 2.7 (Doubling property) . Let (M,d,n) be a Riemannian manifold. Denote 
by B(x, r) the open ball of center x G M and radius r > 0. One says that M satisfies the 
doubling property (D) if there exists a constant C<i > such that for all x G M, r > 
we have 

(D) fi(B(x,2r))<C dj 2(B(x,r)). 

Observe that if M satisfies (D) then 

diam(M) < oo <=> fi(M) < oo (see [1]). 

Definition 2.8 (Poincare inequality). A complete Riemannian manifold M admits a 
Poincare inequality (P q ) for some 1 < q < oo if there exists a constant C such that for 
all f G and for every ball B of M of radius r > 0, we have 

(p q ) (J i/ - f B \ q d^Y < cr(£ iwi vr 
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Remark 2.9. Since is dense in W q , if M admits (P q ) for all f e Qj° then (P q ) 
holds for all f G Wq. In fact, by Theorem 1.3.4 ^ n P3|, M admits (P q ) for all f e E\. 

The following recent result from Keith-Zhong [2] improves the exponent of Poincare 
inequality: 

Theorem 2.10. Let (X,d,fi) be a complete metric-measure space with \i locally dou- 
bling and admitting a local Poincare inequality (P q ), for some 1 < q < oo. Then there 
exists e > such that (X, d, jj) admits (P p ) for every p > q — e. 

Definition 2.11 (Pseudo-Poincare inequality for the heat semigroup). A Riemannian 
manifold M admits a pseudo-P oincare inequality for the heat semigroup (P q ) for some 
1 < q < oo if there exists a constant C such that for all f E and all t > 0, we have 

{P' q ) ll/-^/ll 9 <C*i|||V/||| 8 . 

M admits a pseudo-P oincare inequality (P^) if there exists C > such that for every 
bounded Lipschitz function f we have 

(PL) ll/-^/lloo<c^|||v/||U. 

Remark 2.12. Again by density of in if M admits (P') for some 1 < q < oo 
for all f e then M admits {P' q ) for all f e W, 1 . 

Definition 2.13 (Pseudo-Poincare inequality for averages). A complete Riemannian 
manifold M admits a pseudo-P oincare inequality for averages (P q ) for some 1 < q < oo 
if there exists a constant C such that for all f e and for every ball B of M of 
radius r > 0, we have 

(P' q ') !|/-/B(.,,)|| g <Cr|||V/||| 9 . 

Remark 2.14. (Lemma 5.3.2 in [19]^ If M is a complete Riemannian manifold satis- 
fying (D) and (P q ) for some 1 < q < oo, then it satisfies (P q ). Hence (P q ) holds for 

allfeE]. 

3. Ledoux's and Sobolev inequalities 
3.1. Ledoux's inequality. 

Proof of Theorem \1.2\ Let us show how to obtain Ledoux's inequality (11.21) from The- 
orem 11.11 Consider M satisfying the hypotheses of Theorem 11.11 and take q < p < I. 
From (11.51) . we see that 

iii/r"iix<ciiiv/r;|i#^ ii/n™ 

i+|q 

with X = L[ which is a rearrangement invariant space (see [1], section 2 of [17]) and 

x a = {f-.\f\ a eXMth ||/|U a = ill/Nil} • 
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By taking a = we obtain (jl.2p for p > q. For q — p, note that (jl.5p implies the 



weak type inequality (q,l), which is //({|/| > A}) < (y|| |V/| \\q \\f\\ Ba l I . Conse- 



1- 



quently the strong type (g, Z), which is ||/||/ < C|| |V/| ||g ||/||b« ! 5 follows by Maz'ya's 
truncation principle (see [11], [16]). □ 

Proof of Corollary \1.3[ Remark that Riemannian manifolds with non- negative Ricci 
curvature satisfy (D) (with C& = 2 n ) , (Pi). They also satisfy (P^) for all 1 < p < 00, 
where the constant C is numerical for 1 < p < 2 and only depends on n for 2 < p < 00 
(see [IS]). Thus Theorem 11.21 applies on such manifolds with q = 1. □ 

Before we prove Corollary II A\ we give the following two lemmas. Let 2 < p < 00. 
Consider the following condition: there exists C > such that for every t > 

(G P ) II |Ve' A | |U P < 

Lemma 3.1. (^\) Let M be a complete Riemannian manifold M satisfying (D) and 
the Gaussian heat kernel upper bound, that is, there exist C, c > such that for every 
x, y E M and t > 

Then (G) holds if and only if (Goo) holds. 

Lemma 3.2. Let M be a complete Riemannian manifold. If the condition (G p ) holds 
for some 1 < p < 00 then M admits a pseudo-Poincare inequality (PL), p' being the 
conjugate of p (± + ^ = 1). 



Proof. For / e C^°, we have 

f-e tA f = - [ Ae sA fds. 
Jo 

Remark that (G p ) gives us that ||Ae sA /|| p / < ^=|| |V/| \\ p >. Indeed 

\\Ae sA f\\ p ,= sup / Ae sA fgdf, 

||g|L=l J M 



sup / / Ae s g dfi 

\\g\\ P =l JM 



sup / Vf.Ve^gd/i 

\\g\\ P =l JM 



< || |V/| Hp, sup || |Ve sA <?| 



<4lliv/| 

Therefore 



If ■ 



11/ - e tA /|| p , < C|| |V/| Hp, f ±=ds = CVi\\ |V/| 

Jo V s 
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which finishes the proof of the lemma. □ 



Proof of Corollary LJ.. The fact that M satisfies (D) and admits (-Pi), hence (P2), 
gives the Gaussian heat kernel upper bound (13.11) . Since (G) holds, Lemma 13. II asserts 
that (Goo) holds too. Applying Lemma 13. 2 1 it comes that M admits a pseudo-Poincare 
inequality (P[). We claim that (P^J holds on M. Indeed, (13.11) yields 

11/ - e* A /||oo < sup / \f(x) - f(y)\p t (x,y)dfx(y) 
xgm Jm 

< C\\ I V/| ||oo sup 1 / d(x,y)e- c± ^dfi{y) 

xeM n{B(x, y/t)) Jm 

< CVt|| I V/| Hoc sup — - [ e-'^d^y) 

xeM (i(B(x, y/t)) J M 

< CVt\\ I V/| |U sup — i r u(B(x, y/t)) 

xeM n{B[x, y/t)) 

= cVt\\ |v/| |U 

where the last estimate is a straightforward consequence of (D). Therefore, we have all 
we need to apply Theorem 11.11 with q = 1 . The inequality (11.21) for all 1 < p < I < 00 
follows then by Theorem 11.21 □ 

Remark 3.3. Under the hypotheses of Corollary \1. 4 , Theorem 1 1.6] and Theorem \ 1.81 
also hold. 

Proof of Corollary 1 1.51 First we know that (G2) always holds on M. Then (PQ holds 
by Lemma [3.21 Secondly (D) and (P2) yields (P^,) as we have just seen above. Hence 
Theorem 11.21 applies with q = 2. □ 

3.2. The classical Sobolev inequality. 

Proposition 3.4. Consider a complete non-compact Riemannian manifold satisfying 
the hypotheses of Theorem \1.1\ and assume that 1 < q < v with v > 0. From U.ty) 
and under the heat kernel bound ||Pt|| ? -»oc < Ci 2 i , one recovers the classical Sobolev 
inequality 

11/11** < c|| |v/| || g 

with \ = - — i. Consequently, we get 



Id* < Cll |V/| ||p 
with — r — — — — for q < v < v. 

Proof. Recall that H/Hsg^ ~ sup t>0 \\Pt(f — Ptf)\\oo- The pseudo-Poincare in- 
equality (PL), fll.2p and the heat kernel bound HPtH^oo < Ct~^ yield 

r < c\\ |V/| II? fsu P ri||/ - P t f\\ g ) < C\\ |V/| 



t>0 J 



Thus we get (I1.3P with p = q < v and = - — \- □ 
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3.3. Sobolev inequalities for Lorentz spaces. For 1 < p < oo, < r < oo we note 
L(p, r) the Lorentz space of functions / such that 



■ dt 



l 

i , 



and 

\\f\\L( P ,oo) = supt*/*(t) < oo. 
t 

Consider a complete non-compact Riemannian manifold M satisfying (D) and (P q ) 
for some 1 < q < oo. Moreover, assume that the following global growth condition 

(3.2) fi(B) > Cr a 

holds for every ball B C M of radius r > and for some a > q (Remark that a > n). 
Using Remark 4 in [12], we get 

(3.3) f**(t) - f*{t) < Ct^\Vf\ q **«(t) 
for every / G E\. We can write (13.31) as 

(3.4) f**( t )-f*(t)< [c^jv/r***(t)] 1-fl (/**(*) - /*(*))", 0<9<1. 

Take i = l=i + f, i = l=i + -i- with < < 1, a > » > g, m > g and \ = - - -. 

r p* t > m mo mi — — ' — r ^ ' u — ^ p* p cr 

Then from H3.4[) and Holder's inequality, we obtain the following Gagliardo-Nirenberg 
inequality for Lorentz spaces 

(3-5) ll/IU^^CIHV/lll^ll/llWo- 
We used also the fact that for 1 < p < oo and 1 < r < oo 

to obtain the term || |V/| ||i(p |mo ) (see [20], Chapter 5, Theorem 3.21). 
If we take 6 = and m = m = p, r = p*, f)3.5p becomes 

(3-6) WfWup-*) < C\\ |V/| 

Noting that p* > p, hence \\f\\ L ^, P *) < C\\f\\ L(p * >p) , (J31D yields (U with £ = \ - \ 
and q < p < a. Using Theorem 12.101 we get (H-3p for every g < P < ^ where 
go = inf {g € [1, oo[; (P g ) holds } . If go = 1, we allow p = 1. 

Remark 3.5. i- v4s we mentioned in the introduction, a Lie group of polynomial growth 
satisfies (D), (-Pi). Moreover, for n G [d, D] we /icrae /i(5) > cr n for any ball B of 
radius r > -d being the local dimension and D the dimension at infinity-. Therefore 
this subsection applies on such a group. 

2-It has been proven [19] that under (D), (PL') and ( \3.S\) with o > q, the Sobolev 
inequality U.3\) holds for all q < p < a. Since (D) and (P g ) yield (Pq), we recover this 
result under our hypotheses. Besides, we are able to treat the limiting case p = a. 
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4. Proof of Theorem 11.11 and Theorem 11.61 

The main tool to prove these two theorems is the following two characterizations of 
the i^-functional of real interpolation for the homogeneous Sobolev norm. 

Theorem 4.1. Let M be a complete Riemannian manifold satisfying (D) and 
(P q ) for some 1 < q < oo. Consider the K -functional of real interpolation for the 

spaces W q l and Wl defined as 

K(F, t, W q \ Wl) = inf (|| \Vh\ \\ q + t\\ \Vg\ U 

f=h+g 

where f G + El with F = J. 
Then 

1. there exists C\ such that for every F G W q + Wl and t > 

K(F,t*WiML)>Cit*\Vfr*{t) where f E El + El with F = J; 

2. for q < p < oo, there exists Ci such that for every F G W p x and t > 

K{F,t*,W*, Wl) < C 2 t*\Vf\ q ***(t) where f G E\ such that F = J. 

Theorem 4.2. Let M be as in Theorem \4-l\ For f G W^ + W 7 ^,, consider the functional 
of interpolation K' defined as follows: 

K'(f,t)=K'(f,t,W q 1 ,Wl) = inf (|| \Vh\ \\ q + t\\ \Vg\ U . 

f=h+g 
heW^geW^ 

Let f G Wq + Wl such that f*(oo) = and |V/|*(oo) = 0. We have 
(4.1) K'(f,tl)~tl(\VfDl(t) 

where the implicit constants do not depend on f and t. Consequently for such f 's, 

K'(f^)^K(f,t^Wi,Wl). 

Proof. Obviously 

t'(|V/D'(<) < K(f,t\,WlWl) < K'{f,t\) 

for all / G W q + Wl- For the converse estimation, we distinguish three cases: 

1. Let / G C^°. For t > 0, we consider the Calderon-Zygmund decomposition 
given by Proposition 5.5 in [3] with a(t) = (M(\V f\ q ))*« (t) ~ (| V/| 9 **) « (t). 
We can write then / = b + g with || |V6| || 9 < Ca(t)ti and g Lipschitz with 
I |V<7| | |oo < Ca(t) (see also the proof of Theorem 1.4 in [3]). Notice that since 
/ G one has in addition b G L q and g G L^. Consequently, b G W q l and g 
is in Wl- Therefore, we get (14.11) . 



n 



2. Let / G Wg. There exists a sequence (f n )n such that for all n, f n G Cq° and 
11/ - f n \\w} -> 0. Since |V/ n |« -> |V/|« in L 1; it follows that |V/„|«**(t) -> 
\Vf\ q **(t) for all t > 0. We have seen in item 1. that for every n there is 
# n G Wl such that || |V(/„-^ n )| \\ q + t\\\ \Vg n \ |U < Ct*(|V/„|***)«(i). Then 

Mf-g n )\ \\ q + r«\\ \Vg n \ |U < || |V(/-/ n )| || a + (|| \V(f n -g n )\ || g + t«|| \Vg n 

<e n + Ct l «(\Vf n Dkt) 

where e n — > when n — > oo. We let n — > oo to obtain ( 14. ip . 

3. Let / G Wg + such that /* (oo) = and |V/|*(oo) = 0. Fix t > and 
Po G M. Consider G C£°(R) satisfying </? > 0, <p(a) = 1 if a < 1 and <p(ot) = 
if a > 2. Then put = f(x)(p( d ^ x ' po ^ ). Elementary calculations establish 
that /„ lies in WJ, hence K'(f n ,t*) < Ct\\V f n \ 9 *** (*)• It is shown in [3] that 

K(f, tKwi wi) ~ QT i/r*( S )^ 9 + QT iv/rwds) 9 . 

All these ingredients yield 

K'{f,t\)<K'{f-f n ,t\) + K'{f n ,t\) 

<K(f-f n ,t,Wi,W^) + K'(f n ,t) 

<c( [ |/ - / n r(s)<fe) " + c( f \Vf - Vf n r(s)ds^ 



(4.2) + C / |V/„| 9 *(s)ds 



Now we invoke the following theorem from [15] page 67-68 stated there in the 
Euclidean case. As the proof is the same, we state it in the more general case: 

Theorem 4.3. Let M be a measured space. Consider a sequence of measurable 
functions (i/) n ) n and g on M such that fi{\g\ > A} < oo for all A > with 
\Mx)\ < \9(x)\. IfM*) -> tff(x) fi - a.e. then (^ - ^ n )*{t) -> Vt > 0. 

We apply this theorem three times: 

a. with ip n = \ f — fn\ q , = and g = 2 q f q . Using the Lebesgue dominated 
convergence theorem we obtain f \f — fn\ 9 *(s)ds — > 0. 

b. with ^ n = \Vf - Vf n \ q , il> = and g = C(\Vf\ q + |/| 9 ), where C only 
depends on q, since 

V/„ = Vfl B{po , n) + ( I/ v /(^2))v(d(x,p )) + VM^)) l fl( po t „).. 

\n n n J 

So again by the Lebesgue dominated convergence theorem we get J * | V/ — 
V/ n |**(s)da->0. 

c. with ^ n = | V/ n | 9 , V = |V/| 9 and g = C(|V/| 9 + |/|«), C only depending 
on g, so we get |V/ n |**(s)ds -> /„' |V/|**(s)ds. 
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Passing to the limit in (14. 2p yields K'(f,ti) < Cti | Vf\ q **i (t) and finishes the proof. 

□ 

Proof of TheoremUJl Let t > 0, / E W\ + such that /*(oo) = and | V/|*(oo) = 
0. Observe that 



Hs . 



(4.3) \f-PtfrHs)<Ct*\Vf\ 

Before proving (I4.3p . let us see how to conclude from it the desired symmetization 
inequality. Indeed, (14.31) yields 

\frH«)<o[\f-Ptfr^ + \p t fr'](s) 

< C[t?\Vf\ q **« +tfrf \P t f\ q **«](s) 

< Ct^\Vf\ q ***(s) + Ct% sup (t-%\P t f\ q **«(s)) 

t>o \ ' 

<C7*5|V/r?(a) + C7*f suprfyPt/IU 

t>0 

= Cn\VfrHs) + Ct^\\f\\ BSaoo . 

Therefore we get 

\frks)<cM (t*\vfrks)+t%\\f\\ BOo 



<civ/rwJw( S )ii/n™. 

It remains to prove (14. 3ft . The main tool will be the pseudo-Poincare inequalities (PL), 
(P^) and Theorem O 

Let / G Wg 1 + such that /*(oo) = and |V/|*(oo) = 0. Assume that f = h + g 
with h eWg, g e W^. We write 

f-PJ=(h-P t h) + (g-P t g). 

Let s > 0. The pseudo-Poincare inequalities (PL) and (PL^) yield 

\\h - P t h\\ q + s\\\g - P^|U < Cti (|| | V /i| || 9 + si || \Vg\ |U). 

Since 

K(f,s$ 1 L q ,L 0O )~ [J\r(u)Yduf = sl\frl(s) 

we obtain 

s k «\f ~ PtfrHs) ~ f inf ^% + ^||</U 

f-Ptf=h'+g' 

< inf (ll^-P^H +^1^-^^) 

<Cf* inf (IllVfclll^ + aiUV^Iloo) 
= CVK'(f,s$). 
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Applying Theorem 14.21 we obtain the desired inequality (14. 3 p . 



□ 



Proof of Theorem 11.61 The proof of this theorem is similar to that of Theorem ll.il Here 
the key ingredients are the pseudo-Poincare inequality for averages (Pi') that holds 
for all f E Eg. This pseudo-Poincare inequality follows from (D) and the Poincare 
inequality (P q ) . We also make use of Theorem 14.21 □ 



5. Another symmetrization inequality 

In this section we prove another symmetrization inequality which had been used in 
[TT] to prove Gagliardo-Nirenberg inequalities with a Triebel-Lizorkin condition. 

Theorem 5.1. Let M be a complete non-compact Riemannian manifold satisfying (D) 
and (P q ) for some 1 < q < oo. Moreover, assume that M satisfies the pseudo-Poincare 
inequalities (P') and (P^)- Consider a < 0. Then there is C > such that for every 
f E W q l + with /*(oo) = 0, |V/|*(oo) = and satisfying (suprf \P t f(.)\) G 



Lq + L c 



(5.i) urns) < c\vfr*&fcf(s) 

Proof. From 



supt-*|P t /(.)| 

t>0 



i>0 



l+\a\ 



we obtain 



< i q - x { 1/ - P t f\ 9 + *~ sup r^\p t f\« 

t>0 



\fr«( S ) <c[\f- pjms) + *t suprt \p t f\ 



t>0 



<c[t*\vf\ q ***(s) + ti Bu P r^|P t /| 

t>0 



It follows that 



\f\ q **Hs) < Cinf ( t^Vfrks) + rf ( suprt|P t /| 



ty * ■-<- 



< c\vf\ q **^+^(s) [ suprt|p t /| 

t>0 
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<j(i+|q|) 



s > 0. 



□ 



6. Proof of Theorem 11.81 
Proof. Let / e C£°(M). Since p + 1 > 2, integrating by parts, we get 

ii iv/i cj = - / dwcv/r^/d/*. 
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Moreover we have div{\V f\ p ~ l V f) < C\V f\ p ~ l \ V 2 /|. Then 

ll|V/|||S;<C7 / \V fr l \V 2 f\\fW. 

J M 

Let/ = / J|f |V/MV 2 /||/|dA*- Then 

poo 

i= / (\vfr i \v 2 f\\f\ns)ds 

Jo 

poo 

= / (|V/|^ + i|V 2 /||/|)*(s)^ 
Jo 

POO 

< / (iv/^)*( S )i/r^( S )(iv/i^iv 2 /ir(^ 

Jo 

POO 

= / \yfr^(s)\frHs)(\vf\^\v 2 f\r(s)ds 

Jo 

poo 

< / iv/r*^( S )i/r*^( S )(iv/i^iv 2 /i)*( S )^. 

Jo 

Thanks to Theorem we have 

i r°° p+i o-a 

/<imij-i / \vfr^(s)(\vf\^\v 2 fn(s)ds 

Jo 

^ ii/iii-u (X |v/|p+i ^)XX |v/r2|v2/|2 ^) 2 

which finishes the proof. □ 

Remark 6.1. Lei M be a complete Riemannian manifold satisfying (D) and (P q ) for 
some 1 < g < oo. T/ien Theorem \1.S\ holds replacing the Besov norm B^f^ by the 
Morrey norm M^ 1 . This can be proved using Theorem \l.b\ 
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